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In this paper we introduce a notion of random interval graphs: the intersection graphs of real,
compact intervals whose end points are chosen at random. We establish results about the number of
edges, degrees, Hamiltonicity, chromatic number and independence number of almost all interval
graphs.

1. Introduction

We call a graph an interval graph if it is possible to assign real intervals to its
vertices so that adjacency corresponds to non-empty intersection. More precisely,
denote by # the sct of all real compact intervals. An interval representation for a
graph G=(V, E) is a function f: V—.# which has the property that for every pair
of distinct vertices », w, we have v adjacent to w (notation: v~w) if and only if
Sf)Nf(w)=0. The class of interval graphs consists of those graphs with interval
representations. In this paper we discuss random interval graphs.

In the common models of random graphs, interval graphs play a minor role.
Interval graphs die out early in the graphical evolution. Hence, interval graphs are
“unimportant” from a random graph point of view; they appear with probability
tending to 0 (sce [4]). We therefore are led to create a separate model for random
interval graphs which we discuss in Section 2. In Section 3 we discuss properties of
sets of random intervals which we need for Section 4 in which we deduce many of
the properties enjoyed by almost all interval graphs. We conclude, in Section 5, with
a comparison of our results with those of the Erd6s—Rényi model for random graphs.

2. The model

In this section we introduce two equivalent models for random interval graphs.
Let % denote the set of interval graphs and &, denote the set of all interval graphs on n
labelled vertices {1, ..., n}. As a notational convenience, when x and y are real num-
bers, we write [x, y] to stand for the set {tx-+(1—¢)y: 0=r=1}. Thus both [0, 1]
and [1, 0] stand for the unit interval. Define ¥: #"—%, by assigning to the list
(4, I,, ..., 1) the unique labeled interval graph on vertex set {1, ..., n} such that
i—1; is an interval representation (i.e., i~j iff L,NI;#0).

AMS subject classification (1980): 05 C 30.
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Let n be a positive integer. In both models, we choose n intervals at random
and form the corresponding interval graph. Thus we consider probability models on
subsets of #” and then the probability assigned to an interval graph G¢€%, is defined
as the probability of the set ¥~YG).

In the first model, we restrict our attention to the subset of #" consisting of
those lists of n intervals, all of whose end points are distinct elements of {1, ..., 2n}.
There are (2n)!/2" such lists of intervals, which we take as equiprobable. Thus ran-
dom interval graphs are formed by selecting » intervals at random, without repetition
and with distinct end points in {1, ..., 2n}. While this model has the advantages of
being very natural and defined in a strictly combinatorial manner, it suffers from the
fact that the choices of the intervals assigned to vertices are highly dependent.

In our second model, the subset of #* we consider are those lists of intervals
contained in [0, 1]. Indeed, we identify this set with [0, 1]*" endowed with Lebesgue
measure. Let @: [0, 1*"—~.#" by

¢(x19 rees xzn) = ([xla x2]’ vees [xzn—]., xauD-
Note that & is a 2"-to-1 map almost everywhere. Denote the image of @ by

I5 = {(y, .., IL)eI™ I, < [0, 1] for all }.
Thus we have
[0, 12> g2 c s ¥, g,

and the probability assigned to a graph G€%, is this second model is the volume of
&~ ({G))). Equivalently, in this second model we generate random interval
graphs by considering 2 n random variables X, ¥y, ..., X,,, ¥, which are independent
and uniform on [0, 1], and then forming the interval graph whose representation
consists of the intervals [X;, Y], ..., [X,, ¥,]. This second model has the advantage
that the random interval selected for one vertex is independent of the interval selected
for another.

Fortunately, it is easy to see that the probabilities assigned to a graph in the
two models are equal. This is because, in the second model, the 2n random variables
Xi, ..., Y, are all distinct (with probability 1) and each of the (2n)! possible orders
for their values are equally hkely Indeed, any continuous distribution for the 2»
random variables would result in the same model.

We therefore consider %, as a sample space whose probability measure P=P,
is defined in either of the first or the second sense above. We now pose and answef
fundamental questions about propertics of random interval graphs. A property or
an interval graph can be identified with the subset QC ¥ of those interval graphs
which have that property. We say that Q holds for almost all interval graphs if

lim B(2N%,) = 1.
Given a random interval graph, is it connected? How many edges does it have?

What is its maximum (minimum) degree? Is it Hamiltonian? What is its chromatic
number? What is its independence number?
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3. Properties of random representations

In this section we discuss some of the probabilistic tools and properties of J3,
which enable us to deduce the structure of random interval graphs.

We begin with three *““deviations” results (see [2], chapter 1). The simplest of
these is Chebyshev’s inequality. For a random variable X,

Chebyshev’s Inequality. P(|X— E(X)|=¢)=Var (x)/t% §

Now suppose, for the next two results, that X=X+ ...+ X, where the X;
are independent 0—1 random variables with p=P(X;=1).

“Medium” Deviations Lemma. If

_ /3
1§h<min{np(1 p’(pn) } and t=—_h_——_—
10 2 Vrp(1—p)

then

42
P(]X—npl;:h)é%-exp{ 2’ } B

“Large” Deviations Lemma. If p<1/2 and >0 then

a, eXp {—' bepn}
Vnp

where a, and b, are positive constants which depend only on € but not on p or n. |

P X—np| = enp) =

We infer properties of almost all interval graphs by analysis of the set of all
representations, S . Here we consider some important properties enjoyed by almost
all representations, that is, those properties which fail only on a subset of 4} whose
probability tends to 0 as n—>oe.

Proposition 3.1. In almost all representations, all intervals have length at least 1/n®,

Proof. The probability that an interval in [0, 1] has length less than 1/x® is at most
2/n?. Given I=(Iy, ..., 1,)c 4}, the probability that some interval has length less
than 1/n® is at most 2/n—0. |

Given n, we define a grid value to be a number which is an integer multiple of
1/n®. Proposition 3.1 implies that in almost all representations, all intervals contain
a grid value.

For real x, define a non-negative integer valued random variable, 2,, on 4§
as follows: Given I=(l, [)es%, put 9.() equal to the number of intervals I;
with x€I,. We call 9, the depth of the representation I at x.

Denote by 5 any function of n for which nn*—~0 as n—c for any fixed k.

Proposition 3.2, Let w,—~< arbitrarily slowly. In almost all representations, every
grid value x€[w,logn/n, 1—(w,logn/n)] satisfies:

(1) |9, —2n(x— x?)| = (nx)™S.

Proof. We show that the probability (1) fails for a fixed grid value x (in the interval
specified) is #. [Without loss of generality, we may assume x=1/2] Let X;=1 if

5
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x€l; and 0 otherwise. Thus 2.=3 X;. Now p=PX;=D=1-x"—(1—x)2=
=2x—2x% Hence E(Z,)=2n(x—x?. Let h=mx)*® and ¢= h/Vnp(l—p) By
the “medium’ deviations result, (1) fails with probability at most

reo (o = e G

— = = - nl4 =
€xp = )T €xp ) } o(n-@ n.

4

Since there are fewer than n2 possible grid values, (1) holds for all grid values [in the
interval specified] with probability at least 1—n?y—1. J

A useful concept is the radius of an interval. Let I=[x, y]c[0, 1]. The radius
of 1, denoted gl, is Ya*+(1—b)? where a=min {x, y} and b=max {x, y}. This is
the distance from (x, y) to (0, 1) or (1, 0) whichever is smaller. We write g2 for (oI)

Proposition 3.3. For Ic$, and 0=y=1 we have

Pl =y) = y when y= -;—
and

Pl =y) = { —2cos~? ]}+ V2y—1 when y=> _;.

[Vy

Proof. The required probability equals the area of the square [0, 1]? within a distance

Vy of either (0, 1) or (1, 0). If y=1/2 this consists of two disjoint quarter circles and if
y>1/2 the quarter circles overlap. See Figure 1. |

Fig. 1

4, Properties of Random Interval Graphs
In this section we dicuss the fundamental properties of random interval graphs.
We begin with a simple edge count.
Theorem 4.1. Almost all graphs in 4, have n*34+o0(n?) edges.

Proof. For G¢¥, and 1=i<j=n put X;; equal 1ifi~jand O otherwise. By consid-
ering the end points of the intervals assxgned to i and j we see that P(X;;=1)=2/3.
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Now X= 3 X;; is the number of edges in G. One checks that

s 35 - o0

and Var(X)=0(#®.
Chebyshev’s inequality gives,

Var (X) N

n2
PUX——3— = n”“) = —TIWT— 0. l

Given two vertices of a random interval graph, the probability they are adja-
cent is 2/3. How does %, compare with the usnal random graph model in which
Peage=2/37 In the Erd6s—Rényi model almost all graphs have »n%/3+o0(n?) edges
as well. However, in ¢, the variance in the number of edges is O(n®) which is greater
than the variance of O(n?)in p.q,.=2/3. We compare the two models in more detail
in Section 5.

Observe that the adjacency 1~2 is dependent on the adjacency of 2 with 3.
Indeed, P(1~2[2~3)=11/15=>2/3=P(1~2). However, given two pairs of vertices,
they will almost always be disjoint and the dependency does not cause drastic effects
in the number of edges. On the other hand, it does have far reaching effects on the
degrees of vertices.

Theorem 4.2, Let G¢¥9, and veV(G). For fixed x€[0,1] we have

lim P(d(v) = xn) = 1—(1—x)-"2— when x = -

=3
and

lim P(d(v) = xn) = 1—(1—x){£—2cos-1 [—L—-]}—Vl-—zx when x < L.
nsco 2 V2-2x 2

Proof. Without loss of generality, we assume v is vertex 1. Let J; be the interval
assigned to vertex i in a representation of G. For i=2,...,n put X;=1 if
LNL=9 (ie., i~1) and O otherwise. Observe that X; is independent of X; for
i#j and that X= 3 X; is the degree of vertex 1.
i=2
Now suppose g(I)=r is fixed. Put p=P(X;=1)=1—r2 Now EX)=
=(n—1)p and Var (X)=(n—1)p(1—p). Hence P(|X—np|=n¥3)=Var (X)n~43-0,
Thus d(1)=np+o(n) in almost all random interval graphs under the assumption
o(I)=r. Thus for any &>0
1—o0(1) for r<Vyl—x—c¢
P(d(1) = xnle(h) = 1) = {o(l) for r>yI—x+s
Finally,

P(d(1) = xn) = [ P(d(1) = xnle(h) = r)dP(e(h) = 1) =
0

= [1—o(D)P(e*(}) = 1—x)+e0(1)+0(1) - P(*(}) = 1—-x).
The result follows by Proposition 3.3. |}

fid
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Recall that § and 4 denote the minimum and maximum degrees of a graph.
The above result implies:

Corollary. For every =0, almost all interval graphs satisfy <en and A>(1—¢&)n. |

We now provide more detailed information about the minimum and maximum
degrees of a random interval graph. First, we show that the minimum degrees of
random interval graphs converge in distribution to a Rayleigh [13] distribution:

Theorem 4.3. Let k be a fixed, non-negative real number. We have,
lim P(3 < kVn) = 1—e~¥P,
Proof. Denote by K, the number of intervals in a representation which intersect [0, z).
If z=A/[Vn, where 4 is a constant, one readily shows
P(K,—2nz| =z n*®) =9

using the “medium’ deviations result. Put M(z)=[z, 1—z] and T(z)=[0, 1]—M(2).
By Proposition 3.1, we may assume every interval contains a grid value. Choose
e=>0. Let v be a fixed vertex and 1, its interval.

Let x be a grid value nearest (k+¢) /(2 }/a Now if I, intersects M (x) we have
dw) = 2, +0(n*3) > kyn
fails with probability 5. Thus,

¢)) INM(x) = 8=>dv)=kVn

for all veV(G) fails with probability ny—0.

Now let y be a grid value nearest (k—g&)/(2 Vn). If I,cT(y), then either
I,c[0,y) orelse I,c(1—y,1]. The number of intervals with an end point in [0, y)
is 2ny+ O(n®3) with probability 1—#. (Likewise for (1—y, 1].) Thus d(v)= 2ny+

+0n*¥)<kyn. Hence, I, ﬂM(y)#ﬂ:d(v)<kﬁ or
@ ILNM@y)#0<=d@)=kVn
for all veV(G) fails with probability ny—0.
Now we compute P(§=k }/n). Using (1) we have,
P(6 = kVn) = P(d@) =k Vn forall v) = P([,NM(x) = 8 for all v)+o(l) =
=(1-2x*"+0(1) = e 2+ 0(1)+eq,

where a, depends only on k.
Now we use (2) to estimate

P(6 = kVn)=P(d@) = kyn forall v)=
= P(IL,NM(y) = 9 for all v)+o(1) = (1—2y*"+o(l) = e"¥2+0(1)+ebs
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with b, depending only on k. Hence,
|P(6 = kVn)—e=¥| = e(lal+ |bil) +o(1).

Since & was arbitrary, we have
P <kyn)—-1—e¥2 |

Because the minimum degree (when normalized by dividing by V;i) has a
Rayleigh distribution (with parameter= 1), we know that its mean is asymptotically

Vrn/2. S

Next we analyze the maximum degree. It is convenient to use the notation
A4*(G)=n—1—A(G) where G is a graph with n vertices; 4*(G) is the minimum
degree of G’s complement.

Theorem 4.4. Let w,— < arbitrarily slowly. In almost all interval graphs, 4=n—a,.

Proof. Put x=}w,/nf2. First one checks that in almost all representations, at least
n—m,/2+o(w,) intervals intersect [x, 1—x] and then one verifies, by the second
moment method, that there must be an interval containing [x, 1—x] which corre~
sponds to a vertex of degree at least n—w,. |

For fixed k, what is the probability that A*=k (i.e., A=n—1—k)? This
appears to be a difficult problem. Using a computer we generated 1,000 random inter-
val graphs on n=10,000 vertices and obtained the following results:

A4*  Per Cent
0 63.6
1 24.6
2 7.8
3 2.7
4 0.9
5 0.2
6 0.2

Table 1. A* values of 1,000 random interval graphs.

We now focus on the problem of evaluating P(4*=0).

Proposition 4.5. Let N, denote the number of vertices of denree n—1 in a random
interval graph on n vertices. The r'* factorial moments of N, are:

E,(N;) = B[Ny Ny 1)...(Ny—r+ 1)) = 2 [(%)']

Note that for r large, the above limit is asymptotic to

o)
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Proof. For a vertex v of a graph on n. vertices, write d*(v)=n—1—d(v). Thus
4%(G)=min d*(v).

For fixed r let A be the event d*(l) d*2Q)=...=d*(r)=0 and let I;=[x;, ]
denote vertex i’s interval for i=1, ..., r. We compute P(A4) by conditioning on the
order of the x’s and y’s. If for some 1=i<j=r we had i not adjacent to j then 4
could not hold, hence we only consider orders for the x’s and y’s for which

(%) max {min (x;, )} < min {max (x;, 7}

Of the (2r)! orders for the x’s and y’s there are 2"(r1)? orders which satisfy («). We
now assume, without loss of generality, that x;<y; for i=1, ..., r. Given a fixed
order for the x’s and »’s in which x;< Vi for all i, j and which satlsﬁes (%), we see
that the conditional probability of 4 is [1—x2—(1—y)%]"~" where x= max {x:}

and y=min {y;}. Let B be the event

O=x<Xp<.<X<)<.<n=l
and so P(A)=2"(r!)*P(4 and B). Further, let C be the event BN {x,<1/2<y,}.
We now calculate,

P(A and B) = f[]._xg_(l_yr)zln—rdgm- _
B ‘

= [[I—xE—(1—p)P~"dL™ +9 =
[+

1/2 1/2

= f f [(r-—l)'] [1—x?—z2P—rx"-1"1dx dz +1.
0o 0
Hence,
1/2 12

P(4) = 21" f f (A—x2=z2-"x-1z7-"Ydxdz+1q
o o

= 2’r2ff(1 — A -rs¥-25in"~10 cos"~10sds d+n

2 {tnomren o fhs(g. e
[where B is the Beta function]
2?((,/2)!)2
T
This gives, E,(N)=(m),P(4)~2[(/2)1 1

What is lim P(4*=0)? Here we argue that it exists and posit a conjecture for
its value.

Observe that P(A*=0)=1-P(N,=0), so it is enough to compute
}im P(N,=0). One can use the following formula for Stirling numbers of the
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second kind:
1 & [k .
S k)= 2D (k—i)
k' i=0 1
to bound the #** moments of N,:

E(N;) = ké’ S(r, ) E(N,) = (r+ 127 Var)2.
Hence, -

r\1/r
lim sup —(E(Nr—"))—— =1 <o

F~o0

Now we see that the sequence of random variables {N,} has finite moments which
converge to finite limits. Hence there exists a limiting distribution which, by Carle-
man’s theorem, is unique. (See [1], Section 30.) Hence there is a unique non-negative

integer valued random variable N with N,—2-N. Therefore, lim P(N,=0) exists

and equals P(N=0).
Now put p;=P(N=i) and consider the probability generating function
fX)=pe+pix+p,x2+.... Now we expand f about x—1 and we obtain:

(+%) o= FAED

where f,=FE,(N)=2*[(k/2)!]>. We see that the coefficient of (x—1)* in (* %) is
Ik~ Vrk]2.

We want to compute f(0)=P(N=0). Using (% %) we found |f(0)—1/3|=
=10% We therefore conjecture that P(4*=0)--2/3. We posit:

Conjecture, For fixed non-negative integers k, lim P(d=n—1—k)=2/3%*1,

Note added in revision: The referee, using a better method for evaluating f, computed
| f(0)—1/3]=10732, Recently, Andrew Barbour (personal communication) succeeded
in verifying f(0)=1/3 analytically. The conjecture above, for k>0, remains open.
It is easy to use the degree results to show that almost all interval graphs are
connected. Here we analyze the degrees to show the stronger result that almost all
interval graphs have a Hamiltonian cycle, a cycle which contains every vertex of the
graph.
Theorem 4.6. Almost all interval graphs are Hamiltonian.

Proof. We use the following sufficient condition for Hamiltonicity which is a weak-
ened version of a theoremdue to Chvatal[3]. Let D, denote the number of vertices of
degree at most k. In a graph G with n vertices, if

(D Di<k forall k with 1=k=2Z

2
then G is Hamiltonian. We show that (1) holds for almost all interval graphs. We begin

by asserting claims about almost all representations. The first is a variant of Prop-
osition 3.2:
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Claim 1. In almost all representations, every pair of grid values x, y€[0, 1], with

1—¢%[x, y]=log n/ Vn, the number of intervals which intersect [x, y), denoted Dy,
satisfies,

(2) glx,yl = 095”(1 - 92[xs J’])
and if x,y are grid values for which 1— o¥[x, y]<2logn / Va then

n
(3) glx.yl =< _1_1'

Moreover, if x=y, and logn/(2Vn)=x=1-logn/(2Vn)
@ 2, > 1.9nx(1—x).

Fix x, y satisfying the conditions of the first part of the claim. Let p denote the
probability that an interval intersects [x, y], hence p=1—g¥x, y]. Taking £=0.05,
we apply the ‘““large” deviation result to calculate,

P(D,,,, = 0.95np) = o(l)n—bﬁ =7

The number of possible x, y pairs is at most a* and so the probability that some pair
satisfies 9, ,;=0.95np is at most nn—0. This gives (2).

Now if p<2logn[fn then E(Z,,)<2Vnlogn and Var (D)=
=np(l1—p)<2¥nlogn. The “large” deviations result gives

n
P(glx-;vl = ﬁ] = P(|glx.yl_E(glx-rl)| = E(glx'yl)) =1.

Since (much) fewer than n* grid value end point intervals satisfy 1—¢%<2logn/ Yn,
(3) holds with probability exceeding 1--n*n—1.

Equation (4) follows from equation (2) by noting p[x, x]=2x(1—x).

Let T(x)=[0, 11—[x, 1—x] and let K, denote the number of intervals con-
tained in T,.

Claim 2. In almost every representation, every grid value x for which log nf Yn=x=1/2
satisfies
) K, < 2.1nx%

Let p denote the probability that an interval is contained in 7T(x), hence
p=2x Applying the “large” deviation result for a fixed x in the range specified
gives,

P(K, = 2.1nx%) = O(1)~bre" = g,

There are at most n? possible values for x, hence the probability that K,>2.1nx2
for some x is at most n2p—0.

Claim 3. In almost all representations, for all grid values x with 0.47=x=0.9, the
number of intervals with @*I=x is at most

n(l—x)
©) | —3
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— Upper
bound

Fig. 2

For fixed x, lep p denote the probability that an interval I satisfies g2l=x.
This probability is given exactly in Proposition 3.3. Elementary, but tedious, calcula-
tions show that p<(1—x)/2.01 in the range specified; a graph plotting both p and
the lower bound versus x is shown in Figure 2. Let X, denote the number of intervals
with g?=x. The “large” deviation result gives,

P(Xx = f(lz—_x)) =P(X, = 1.005np) s e " =1.

Since there are fewer that n? possible values for x, the probability that X=n(l1—x)/2
is at most n2y—0.

We now restrict our attention to those representations for which the conclu-
sions to the three claims and Proposition 3.1 hold; this includes almost all represen-
tations.

Case A: 1=k=2Vn/logn.
By Theorem 4.3, in almost all interval graphs, §=2 ﬁ/log n. Thus D,=0<k.

Case B: 2 }/n/log n=k=n/10.

Put x=[0.6kn]/n?, the grid value nearest and at least 0.6k/n. In particular,
x=1/(Vnlogn). By Proposition 3.1, we know that every interval in the represen-
tation contains a grid value. We infer that if d(v)=k then itsinterval, I, is contained
in T'(x) since the depth at each grid value between x and 1—x is at least (using (4))
1.9nx(1—x)=1.9n(0.6k/n)(0.93)>1.06k. (Note that the estimate 1—x>0.93
depends on k<nf10.) Hence, D,=K,<2.1nx*<0.8k*n<0.1k<k.

Case C: n/l10=k=n/2.

Let d(v)=k and r=gl,, where I, is v’s interval. By case (B) fewer than
0.1(n/10)<0.1k vertices have degree less than k when k<n/10. Suppose d(v)=n/10.
Let J be the smallest interval with grid value end points such that J>1,. Let s=gJ.
Note that s2—r?=0(n"?). Since d(v)=n/10, the number of intervals meeting J is

at least n/10, hence by claim 1, equation (3), 1—s2>2log n/l/n. Now let I* be the
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largest interval with grid value end points such that I*c1, andlet #*=poI*. Observe
S£—r*2=0(n~? hence 1—r*=logn/yn. By (2), Dn>095n(1—r*?) and
k=d(w)=Pp—1>0.95n(1—r*?), From this one computes r2>1—1.055k/n. Thus
the number of vertices with degreé at most k but no less than 7n/10 is bounded above
by the number of vertices with radius exceeding ' 1—1.055k/n. Put x equal to the
largest grid value below 1—1.055k/n, hence 0.47=y=0.9. Using claim 3,

1.06k

D, = O.1k+—§— < k.

Thus, combining cases (A), (B) and (C), we see that in almost all representations,
Dy<k for all 1=k=n/2. Therefore, almost all interval graphs are Hamiltonian. [

Next we establish the chromatic number of almost all interval graphs:
Theorem 4.7. Almost all interval graphs G<&%, have x(G)=n/2+o(n).

Proof. Because G is perfect (see [9]), its chromatic number equals the number of
vertices in its largest clique. By the Helly property [10], the intervals representing this
clique have nonempty intersection. For each interval of the form IL=[i/n% (i+1)/n?]
(where i is an integer), one can use the “medium’ deviation result to check that the
probability more than »/2+ o (n) intervals meet I; is n. Hence, in almost all represen-
tations, no point in [0, 1] is contained in more than n/2+o(n) intervals. However,
Dy;,=nf2+0(n). Hence the largest clique in G has size #/240(n) and the result
follows. J

Finally, we have the following information concerning «(G), the size of the
largest independent set of vertices in G.

Theorem 4.8. There exist absolute constants ¢,, ¢, such that almost all interval graphs

GEY, satisfy _
aVn =a(G) =c¥n

Proof. Here we establish this result with ¢,=(4 ﬁ)/9—-8 (for any &>0) and
c;=e[V2. (This gives ¢;~0.628 and c,~1.922.)

First we establish the uper bound. For ScV(G), let X; denote the random
variable which is 1 if S is an independent set of vertices and which is 0 otherwise.

Let & be an integer with k=e }n/2. Let X= 3 X5. Thus X=0 if and only if
IS|=k
(G)=k. Observethat

k!2k 1 e \k
P(Xs = 1) = —(—2k—|)-~—l/§~[7k—) where k= [SI.

Hence,

P(a(G) = k) = P(X > 0) = E(X) = (’;) E(Xs) = k:’:@ (jek—)k ~0

Hence, in almost every interval graph, «(G)<(e/ VE) Vn.

- Next we establish the lower bound. Let || denote the length of the interval I
Given A€[0, 1] and selecting I¢.#%, we have P({I|=A)=24-—1% This probability
equals the area of the shaded part of Figure 3. In the sequel we assume that 1 depends
on » such that A-0 and ni—o-, In particular, we choose A=}2/(9n). Fix &>0.
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1-2 N
T i

Fig. 3

Let X denote the number of intervals in G’s representation which have length
at most A. It is easy to check that X=2nl+o0(nl). We now consider only interval
graphs with a representation containing at least m=|(2—¢)ni] intervals of length at
most 4. (The probability that a graph has no such representation tends to 0.) Let
I, ..., I, denote intervals in G’s representation which have length at most A. Next we
compute

PLNL#9 and [Ll=A||lLl=2)
P(1,) = 2)

P=PILNL=B||hl=2 and |L=2)=

_PUNL#0 and |LI=All=4_3

P(Li=2) -2 4

because the denominator equals 24— A2 and the numerator is bounded above by 342
as shown in Figure 4.

T
A
p ’,qﬂ 4
I f F - Legend
N i [ Those intervals which
= ‘_." intersect
s 'i
bR — ‘Those intervals with
length at most A
¥ -1
s HHEH)
i 2h
i =
Wi
y
4

Fig. 4
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For 1=i<j=m let ¥;; be the random variable which is 1 if 1,N\J;#0 and
0 otherwise, and put Y=23'Y%;;. Now

E(Y) = [’;}J p =320
and |
By = (%) p+6(5) Eutia +6(§) 7 = FOootan
hence Var (Y)=0(n*1%). Now Chebyshev’s inequality

Var(¥) o(n'i%)
5> = -0

P(Y-E@)| = 1) = .

when ¢=gn2A%. Thus for almost all interval graphs,
Y= (3+anl3

For any graph H let ¢(H) denote the number of connected components in H. Let G*
denote the induced subgraph of G' on those vertices whose intervals have length at
most 4. We conclude,

#(G) = (G = c(G) =m—Y = R—e)nk—(B+e)nti® = [% Vz'—a)l/{ ]

After generating several large random interval graphs on a computer we posit
the following conjecture:

Conjecture. For almost all interval graphs Ge9¥, we have

2(G) = Vn+o(Vn).

Table 2. Erd6s—Rényi random graphs vs. random interval graphs

Property | Poage=2/3 ~ Random Interval Graphs
1 . 1
Number of edges T n?+o(n?) 3 n?+o(n?)
Hamiltonian? Yes Yes
2 —
Minimum Degree S0 n O (Vn)
e 2
Maximum Degree ) nton) n—-0Q)
. n n
Chromatic Number o [ ] —+o(n)
logn 2

Independence Number O(logn) o(Vn)

Largest Clique © O(ognmy —:— Folny
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5. Comparison with Standard Models

Earlier we noted that the probability that two vertices of a random interval
graph are adjacent equals 2/3. The table below summarizes our result and compares
them with those of the Erd6s—Rényi model in which p4..=2/3.

Acknowledgements. The author would like to thank John Wierman for many useful
comments and interesting discussions. Thanks also to Alan Karr, Robert Serfling
and Michal Karonski. Research supported in part by Office of Naval Research con-
tract number N00014-85-K0622.

References

[1] P. BILLINGSLEY, Probability and Measure, Wiley, New York (1979).
[2] B. BoLLOBAS, Random Graphs, Academic Press, New York (1985).
[3] V. CHvVATAL, On Hamiltonian ideals, J. Comb. Theory B 12 (1972), 163—168.
[4] J. E. ConeN, The asymptotic probability that a random graph is a unit interval graph, indif-
ference graph or proper interval graph, Discrete Math. 40 (1982), 21—24.
[51 P. ErDGs and A. RENYI, On random graphs I, Publ. Math. Debrecen 6 (1959), 290—297.
[6] P. Erpds and A. RENYI, On the evolution of random graphs, Magyar Tud. Akad. Mat. Kutaté
Int. Kozl 5 (1960), 17—61.
[71 P. ErpSs and D. WEST, A note on the interval number of a graph, Discrete Math. 55 (1985),
129—133.
[8] P. GiLmorE and A. HoFFMAN, A characterization of comparability graphs and of interval graphs,
Canad. J. Math. 16 (1964), 539—548.
[91 M. GoLuwmslc, Algorithmic Graphs Theory and Perfect Graphs, Academic Press, New York
(1980).
[10] E. HeLLy, Uber Mengen Kurper mit gemeinschaftlichen Punkten, J. Deutsch Math. Verein
32 (1923), 175—176.
[11] C. LexxeRKERKER and J. BoLAND, Representation of a finite graph by a set of intervals on the
real line, Fund. Math. 51 (1974), 45—64.
[12] E. PALMER, Graphical Evolution: An Introduction to the Theory of Random Graphs, Wiley,
New York (1985).
[13] Lorp, RAYLEIGH, On the resultant of a large number of vibrations of the same pitch and of
arbitrary phase, Philosophical Magazine and Journal of Science 10 (1880), 73—78,

Edward R. Scheinerman

Department of Mathematical Sciences
The John Hopkins University
Baltimore, Maryland 21218 U.S.A.



