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In this paper we introduce a notion of random h2tervalgraphs: the intersection graphs of real, 
compact intervals whose end points are chosen at random. We establish results about the number of 
edges, degrees, Hamiltonicity, chromatic number and independence number of almost all interval 
graphs. 

1. Introduction 

We call a graph an interval graph if  it is possible to assign real intervals to its 
vertices so that adjacency corresponds to non-empty intersection. More precisely, 
denote by ~ the set of  all real compact intervals. An interval representation for a 
graph G=(V, E) is a function f :  V-~or which has the property that for every pair 
of  distinct vertices v, w, we have o adjacent to w (notation : v-,~ w) i f  and only i f  
f (v)Af(w)~O. The class of  interval graphs consists of  those graphs with interval 
representations. In this paper we discuss random interval graphs. 

In the common models o f  random graphs, interval graphs play a minor role. 
Interval graphs die out early in the graphical evolution. Hence, interval graphs are 
"unimportant"  from a random graph point of  view; they appear with probability 
tending to 0 (see [4]). We therefore are led to create a separate model for random 
interval graphs which we discuss in Section 2. In Section 3 we discuss properties o f  
sets of  random intervals which we need f o r  Section 4 in which we deduce many of  
the properties enjoyed by almost all interval graphs. We conclude, in Section 5, with 
a comparison of  our results with those of  the Erd6s--R6nyi model for random graphs. 

2. The model 

In this section we introduce two equivalent models for random interval graphs. 
Let ff denote the set of  interval graphs and ft, denote the set of all interval graphs on n 
labelled vertices {1, ..., n}. As a notational convenience, when x and y are real num- 
bers, we write Ix, y] t o s t a n d  for the set { t x+(1 - t ) y :  0~_t~_l}. Thus both [0, 1] 
and [1, 0] stand for the unit interval. Define ~ :  J n - - f f  n by assigning to the list 
(11, 12 . . . . .  In) the unique labeled interval graph on vertex set {1 . . . . .  n} such that 
i-*Ii is an interval representation (i.e., i ,vj  iff l tNls~O ). 

AMS subject classification (1980): 05 C 30. 
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Let n be a positive integer. In both models, we choose n intervals at random 
and form the corresponding interval graph. Thus we consider probability models on 
subsets of  J "  and then the probability assigned to an interval graph GEff, is defined 
as the probability of  the set ~F-I(G). 

In the first model, we restrict our attention to the subset of  ar consisting of  
those lists of n intervals, all of  whose end points are distinct elements of  {1 . . . . .  2n}. 
There are (2n)!/2" such lists o f  intervals, which we take as equiprobable. Thus ran- 
dom interval graphs are formed by selecting n intervals at random, without repetition 
and with distinct end points in {1, .... 2n}. While this model has the advantages of  
being very natural and defined in a strictly combinatorial manner, it suffers from the 
fact that the choices of  the intervals assigned to vertices are highly dependent. 

In our second model, the subset of  J "  we consider are those lists of  intervals 
contained in [0, 1]. Indeed, we identify this set with [0, 112" endowed with Lebesgue 
measure. Let 4~: [0, 112"oJ" by 

r  . . . . .  x~.) = (Ix1, x~] . . . . .  [x~ . -1 ,  x~.]). 
Note that �9 is a 2"-to-1 map almost everywhere. Denote the image of  �9 by 

Jo~ = {(I1 . . . .  , I . )EJ":  I, c [0, 1] for all i}. 
Thus we have 

[0, 1] 3"-~- J0~ c J"-%- ~ .  

and the probability assigned to a graph G{f~. is this second model is the volume of  
~-I(~-~({G})). Equivalently, in this second model we generate random interval 
graphs by considering 2 n random variables X1, Y1, .... X,, II, which are independent 
and uniform on [0, 1], and then forming the interval graph whose representation 
consists of  the intervals [X,, I"1] . . . . .  [X,,, Y,].  This second model has the advantage 
that the random interval selected for one vertex is independent of  the interval selected 
for another. 

Fortunately, it is easy to see that the probabilities assigned to a graph in the 
two models are equal. This is because, in the second model, the 2n random variables 
X, . . . . .  1". are all distinct (with probability 1) and each of  the (2n)! possible orders 
for their values are equally likely. Indeed, any continuous distribution for the 2n 
random variables would result in the same model. 

We therefore consider fq. as a sample space whose probability measure P---- P. 
is defined in either of  the first or the second sense above. We now pose and answef 
fundamental questions about properties of  random interval graphs. A property or 
an interval graph can be identified with the subset Q c  ~ of  those interval graphs 
which have that property. We say that Q holds for almost all interval graphs if  

lim P,(.~ n ~.) = 1. 

Given a random interval graph, is it connected? How many edges does it have'?. 
What is its maximum (minimum) degree? Is it Hamiltonian? What is its chromatic 
number? What  is its independence number7 
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3. Properties of random representations 

In this section we discuss some of the probabilistic tools and properties of  .r 
which enable us to deduce the structure of random interval graphs. 

We begin with three "deviations" results (see [2], chapter 1). q-he simplest of 
these is Chebyshev's inequality. For a random variable X, 

Chebyshev's Inequality. P O X -  E(X)[ _~ t )~  Var (x)/t 2. I 

Now suppose, for the next two results, that X = X ~ + . . . + X ,  where the X~ 
are independent 0---I random variables with p= P(X~= 1). 

"Medium" Deviations Lemma. I f  

l < h < min { ' (Pn)~/3}2 " 

then 

h 
and t = Cnp(1-p) 

1 f ' l - - t  2 
P([X--~p[ ~_ h)~_ ~ e x p  ~ / .  | 

"Large" Deviations Lemma. I f  p<  1/2 and 5>0 then 

P( IX-np l  ~- enp) ~_ a, exp {-b,pn} 

where a, and b, are positive constants which depend only on e but not on p or n. 1 

We infer properties of almost all interval graphs by analysis of  the set of  all 
representations, .r Here we consider some important properties enjoyed by almost 
all representations, that is, those properties which fail only on a subset of J0~ whose 
probability tends to 0 as n ~  oo. 

Proposition 3.1. In almost all representations, all intervals have length at least 1In ~. 

Proof. The probability that an interval in [0, 1] has length less than 1In ~ is at most 
2In 2. Given I=(I~ . . . . .  I,)6Jg~, the probability that some interval has length less 
than 1In ~ is at most 2/n--O. 1 

Given n, we define a grid value to be a number which is an integer multiple of  
1/n 2. Proposition 3.1 implies that in almost all representations, all intervals contain 
a grid value. 

For real x, define a non-negative integer valued random variable, ~x, on 0r 
as follows: Given I=(I~, I,)6or put ~xfI) equal to the number of intervals Ia 
with x6I~. We call ~x the depth of  the representation I at x. 

Denote by r/any function of  n for which r / n ~ 0  as n--~o for any fixed k. 

Proposition 3.2. Let w ~  oo arbitrarily slowly. In almost all representations, every 
grid value xE[(% log n/n, 1-(to~ log n/n)] satisfies: 

(1) I~,,-- 2 n ( x -  x~)l ~_ (nx) ~ 

Proof. We show that the probability (1) fails for a fixed grid value x (in the interval 
specified) is r/. [Without loss of  generality, we may assume x~_ 1/2.] Let X~= 1 if 
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xEI~ and 0 otherwise. Thus ~ = ~ X l .  Now p=P(Xi=l)=l--x2--(1--x)  ~= 
= 2 x - 2 x  ~. Hence E(~)=2n(x-x2) .  Let h=(nx) ~ and t = h ] ~ ~ .  By 
the "medium" deviations result, (1) fails with probability at most 

1 f-t~] V2 ~ ~f-(nx)O'2]=o(1)n_~n,4=." -/- exp ~ j "  ~ ~ e x p  4 

Since there are fewer than n 2 possible grid values, (1) holds for all grid values [in the 
interval specified] with probability at least 1--n~-~ 1. II 

A useful concept is the radius of an interval. Let l=[x, y]=[0, 1]. The radius 
of / ,  denoted 0/, is 1/a2+(1-b) 2 where a=min  {x,y} and b=max  {x,y}. This is 
the distance from (x, y) to (0, 1) or (1, 0) whichever is smaller. We write Q21 for (Q1) z. 

Proposition 3.3. For IE~r and 0<_-y=<l we have 

and 

P(Q2I ~_ y ) = - ~  y when y<--~ 

P(o21~ y ) =  y { 2 - 2 c o s - l [ ~ - ~ y ] } + l / 2 y - 1  when y >  1 ~ .  

2 

Proof. The required probability equals the area of the square [0, 1] 3 within a distance 
1/~ of either (0, 1) or (1, 0). If  y~_ 1/2 this consists of  two disjoint quarter circles and if 
y >  1/2 the quarter circles overlap. See Figure 1. II 

Fig. 1 

4. Properties of Random Interval Graphs 

In this section we dieuss the fundamental properties of random interval graphs. 
We begin with a simple edge count. 

Theorem 4.1. Almost all graphs in f#~ have n2/3 + o (n ~) edges. 

Proof. For GEff~ and l<=i<j<=n put X~j equal 1 i f i -v jand0  otherwise. By consid- 
ering the end points of the intervals assigned to i and j we see that P(Xtj= 1)= 2/3. 



RANDOM INTERVAL G ~ P H S  361 

Now X= ~x' X~j is the number of edges in G. One cheeks that 

= = T + o (n ~) E(X) T 2 
and Var(X)= O(n3). 

Chebyshev's inequality gives, 

P X -  ~_ n 714 ~_ n~/2 - - .0 .  I I  

Given two vertices of  a random interval graph, the probability they are adja- 
cent is 2/3. How does f#, compare with the usual random graph model in which 
p~ag,=2]3? In the Erd6s R6nyi model almost all graphs have na/3+o(n ~) edges 
as well. However, in ~, the variance in the number of edges is O(n a) which is greater 
than the variance of O(n ~) in p~dg.= 2/3. We compare the two models in more detail 
in Section 5. 

Observe that the adjacency 1 ~ 2 is dependent on the adjacency of  2 with 3. 
Indeed, P(1 ~ 212~ 3)= 11/15 > 2/3 = P(1--. 2). However, given two pairs of  vertices, 
they will almost always be disjoint and the dependency does not cause drastic effects 
in the number of  edges. On the other hand, it does have far reaching effects on the 
degrees of vertices. 

Theorem 4.2. Let GE~, and vEV(G). For fixed xE[O, 1] we have 

lim P(d(v) <= xn) = 1 - ( 1 - x ) ~ -  when x ~ -  
B ~ o =  - -  2 

and 

when x < 1 
2 

Proof. Without loss of generality, we assume v is vertex I. Let I~ be the interval 
assigned to vertex i in a representation of  G. For i = 2  . . . . .  n put X l= l  if 
1~0Ix~0 (i.e., i,-.1) and 0 otherwise. Observe that Xt is independent of  XI for 
i~ j  and that X =  Z x~ is the degree of  vertex 1. 

Now suppose 0(11)=r is fixed. Put p=P(X l= l )= l - - r  ~. Now E ( X ) =  
= ( n -  l)p and Var ( X ) = ( n -  1)p(1--p). Hence P(IX-npl~_n~/8)~_Var (X)n-41s~O. 
Thus d(1)=np+o(n) in almost all random interval graphs under the assumption 
O(IO=r. Thus for any e>0  

~[1-o(1) for r < r  
P(d(1) ~_ xnle(11) = r) = 1o(1) for r > 1 / 1 - x + s  

Finally, 
1 

P(dO) <- xn) = f P(a(1) ~_ xnlo(Ix) = r ) d P ( o ( I 1 )  ~- r) - -  
o 

= i x -  o(1)]v(e'(I1) ~_ 1 - x ) + ~ o ( 1 ) + o ( 1 )  - .  v(o'(I1) ~_ l - x ) .  

The result follows by Proposition 3.3. | 

5* 
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Recall that 6 and A denote the minimum and maximum degrees of  a graph. 
The above result implies: 

Corollary. For every ~>0, almost all interval graphs satisfy ~5< ~n and A > ( 1 -  ~)n. I 

We now provide more detailed information about the minimum and maximum 
degrees of a random interval graph. First, we show that the minimum degrees of 
random interval graphs converge in distribution to a Rayleigh [13] distribution: 

Theorem 4.3. Let k be a fixed, non-negative real number. We have, 

l im P(5 < k I/n) = 1 - e  -k~12. 

Proof. Denote by K, the number of  intervals in a representation which intersect [0, z). 
If  z=A/1/-n, where A is a constant, one readily shows 

P(IK~ - 2nzl => n ~ ~- ~1 

using the "medium" deviation s result. Put M(z) = [z, 1 - z] and T(z) = [0, 1]-- M(z). 
By Proposition 3.1, we may assume every interval contains a grid value. Choose 

~>0. Let v be a fixed vertex and Io its interval. 
Let x be a grid value nearest (k+ e)/(2 I/n--) Now if Iv intersects M(x) we have 

d(v) ~= ~ +  O(n ~ > k 1~" 

fails with probability r/. Thus, 

(1) I~NM(x) ~ O=*. d(v) ~_ k l/~ 

for all vCV(G) fails with probability nq~O. 
Now let y be a grid value nearest (k-~)/(2 I/n). If  I~cT(y) ,  then either 

I~c[0, y) or else I ~ c ( 1 - y ,  1]. The number of  intervals with an end point in [0,y) 
is 2ny+O(n ~ with probability 1-~/. (Likewise for ( l - y ,  1].) Thus d(v)~_2ny+ 
+O(n~ Hence, I~nM(y)~O~a(v)<g  ~ ,  or 

(2) Z, nMfy)  ~ 0 r d(v) >- k 1/~ 

for all vCV(G) fails with probability m/-~O. 
Now we compute P(6~=k 1/n). Using (1) we have, 

P(fi ~- k l/-~) = P(d(v) ~_ k I/n for all v) ~_ P(Iof-IM(x) ~ 0 for all v)+o(1)  = 

= (1-2xZ)"+o(1)  ~_ e-k~12+o(1)+eak 

where ak depends only on k. 
Now we use (2) to estimate 

P(6 ~_ k 1In) = .P(d(v) ~= k l/n for all v) _~ 

~_ P(I~NM(y) ~ 0 for all v)+o(1)  = (1-2y2)"+o(1)  _~ e-k'12+o(1)+ebt, 
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with bk depending only on k. Hence, 

[P(6 _~ k 1 ~ ) -  e -k'/~] -~ 6(la~l + Ib~l) + o(1). 

Since ~ was arbitrary, we have 

< k - .  il 
Because the minimum degree (when normalized by dividing by l/n) has a 

Rayleigh distribution (with parameter= 1), we know that its mean is asymptotically 

Next we  analyze the maximum degree. It is convenient to use the notation 
A*(G)=n--I--A(G) where G is a graph with n vertices; A*(G) is the minimum 
degree of  G's complement. 

Theorem 4.4. Let con~ co arbitrarily slowly. In almost all interval graphs, A ~_ n--o~,. 

Proof. Put x =  t / ~ ] 2 .  First one checks that in almost all representations, at least 
n-o~,[2+o(~o,) intervals intersect [x, l - x ]  and then one verifies, by the second 
moment method, that there must be an interval containing [x, l --x]  which corre- 
sponds to a vertex of degree at least n-co, .  II 

For fixed k, what is the probability that A*=k O.e., A=n- - l - - k )?  This 
appears to be a difficult problem. Using a computer we generated 1,000 random inter- 
val graphs on n= 10,000 vertices and obtained the following results: 

A* Per Cent 

0 63.6 
1 24.6 
2 7.8 
3 2.7 
4 0.9 
5 0.2 
6 0.2 

Table 1. A* values of 1,000 random interval graphs. 

We now focus on the problem of evaluating P(A*=O). 

Proposition 4.5. Let N, denote the number o f  vertices o f  denree n - 1  in a random 
interval graph on n vertices. The fa factorial moments o f  27, are: 

E,(N,) = E [ N , ( N , -  1 ) . . . ( N . - r +  1)1 -* 2" ! 

Note that for r large, the above limit is asymptotic to 
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l~roof. For  a vertex v of  a graph on n vertices, write d*(v)=n-1--d(v). Thus 
A*(G)= min d*(t'). 

o ~ v(6 ' )  
For fixed r let A be the event d*(1)= d*(2) . . . . .  d*(r) = 0 and let I t= [x,, Yi] 

denote vertex i 's interval for i =  1, .... r. We compute P(A) by conditioning on the 
order of  the x's and y's. I f  for some l~_i<j~_r we had i not adjacent to j then A 
could not hold, hence we only consider orders for the x's and y 's  for which 

( . )  max {min (xt, Yt)} < min {max (x,, Yl)}- 
l 

O f  the (2r)[ orders for the x's and y 's  there are 2'(rI) 2 orders which satisfy ( . ) .  We 
now assume, without loss of  generality, that x~<y~ for i =  1 . . . . .  r. Given a fixed 
order for the x's and y's in which x~<yj for all i,j and which satisfies ( . ) ,  we see 
that the conditional probability of  A is [ 1 -  x 2 -  (1-y)*]  "-" where x = m a x  {xi} 

i 
and y=m'm {Yt}. Let B be the event 

0 ~ X 1 < X 2 < . . , <  x , < Y r < . . . < Y l  ~-- 1 
and so P(A)=2"(rl)=P(A and B). Further, let C be the event Biq{x,< 1/2<y,}. 
We now calculate, 

P(A and B ) =  f [1-x2,-(1-y,)=]"-'d.~'='= 
B 

= f[l-x~,-(l-y,)].-,d.,.-<e',+rl = 

Hence, 

1/2 1/2 r 1 19. 

112 112 

/'(A)=2': f f 
0 0 

= 2"r2ff(1 -- s2)"-'s ~'-2 sin'-X 0 cos ' -10 s ds d+*l 

=2"r2{+B(n--r+l,r)}{+B(+,+)}-t-~l 

[where B is the Beta function] 

- Z((r/2)t)2 +7. 
(n), 

This gives, E.(N)=(n)rP(A)-~ 2"[(r/2)!] 2. I 

What is lira P (A*=0)?  Here  we argue that it exists and posit a conjecture for 
its value. 

Observe that P(A*=O)=I-P(Nn=O), so it is enough to compute 
litn P (N.=0) .  One can use the following formula for Stirling numbers of  the 
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second kind: 
1 '  S(r, k) = ( -  ly (k - i ) "  

to bound the r th moments of Nn: 

E(N~) = ~.~ S(r, k)Ek(N. ) ~_ (r+ 1)2'r r 1 /~2 .  
h=O 

Hence, 
(E(N.O) 

lim sup < 1 < 
r ~ m  r 

Now we see that the sequence of  random variables {Nn} has finite moments which 
converge to finite limits. Hence there exists a limiting distribution which, by Carle- 
man's theorem, is unique. (See [1], Section 30.) Hence there is a unique non-negative 
integer valued random variable N with 17,. d N. Therefore, lirn P(N,= 0) exists 

and equals P(N=0).  
Now put p~=P(N=i) and consider the probability generating function 

f(x)=po+plx+p2xZ+ .... Now we expand f about x - 1  and we obtain: 

( .  �9 ) f (x) = A (x 1) ~ 
k=o kl 

where fk=Ek(N)=2k[(k/2)!] 2. We see that the coefficient of  ( x - 1 )  k in ( . . )  is 

A/kt~ 
We want to compute f(O)=P(N=O). Using ( . . )  we found If(0)-l/31_~ 

<-10 -4. We therefore conjecture that P(A*=O)-*2/3. We posit: 

Conjecture. For fixed non-negative integers k, finn P(A =n--  1 - k)=2/3 k+x. 

Note added in revlsion: The referee, using a better method for evaluating f,  computed 
I f (0 ) -  1/31 ~- 10 -3z. Recently, Andrew Barbour (personal communication) succeeded 
in verifying f (0 )=  1/3 analytically. The conjecture above, for k>0 ,  remains open. 

It is easy to use the degree results to show that almost all interval graphs are 
connected. Here we analyze the degrees to show the stronger result that almost all 
interval graphs have a Hamiltonian cycle, a cycle which contains every vertex of  the 
graph. 

Theorem 4.6. Almost all interval graphs are Hamiltonian. 

Proof. We use the following sufficient condition for Hamiltonicity which is a weak- 
ened version of a theoremdue to Chvatal [3]. Let D, denote the number of  vertices of  
degree at most k. In a graph G with n vertices, if 

/ /  
(1) D k < k  for all k with l ~ _ k ~ _ ~ -  

then G is Hamiltonian. We show that (1) holds for almost all interval graphs. We begin 
by asserting claims about almost all representations. The first is a variant of Prop- 
osition 3.2: 
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Claim 1. In almost all representations, every pair of  grid values x, yE[O, 1], with 
1-Q~[x, y]=>logn/~/n, the number of intervals which intersect Ix, y], denoted ~rx, y], 
satisfies, 

(2) NIx, yl > 0"95n(1-0~[ x, Y]) 

and i f  x, y are grid values.for which 1 - 0"Ix, y ]<  2 log n[t/n then 

n 
(3) ~x . ,~  < Ti- 

Moreover, i f  x=  y, and log n/(2 I/n) _~ x _  ~ 1 -  log n/(2 ~/n) 

(4) ~ ,  > 1.9nx(1-x).  

Fix x, y satisfying the conditions of  the first part  o f  the claim. Let p denote the 
probability that an interval intersects [x, y], hence p = 1 -  Q~[x, y]. Taking e = 0.05, 
we apply the "large" deviation result to calculate, 

P(~Ix,yl ~- 0.95np) ---<_ o(1)n - b ~  = ~l. 

The number of  possible x, y pairs is at most n ~ and so the probability that some pair 
satisfies ~rx, y]~_O.95np is at most n4~/~0. This gives (2). 

Now if p<21ogn/~/-n then E(~tx, y ] )<21/n logn  and Var(~t~ , , ] )=  
= np ( l - p ) <  2 1/n log n. The "large" deviations result gives 

/~ {~1~.,I > -~-1} <-P(I~I~.,I- e ~,x.,l( )1 >g(~l~.r,)) ~- tt. 

Since (much) fewer than n 4 grid value end point intervals satisfy 1 -  08< 2 log n]~/'n, 
(3) holds with probability exceeding 1-n4r/-~l .  

Equation (4) follows from equation (2) by noting e[x, x]= 2 x ( 1 -  x). 
Let T(x)=[0,  1 ] - Ix ,  l - x ]  and let K~ denote the number of  intervals con- 

tained in T~. 

Claim 2. In almost every representation, every grid value x for which log n/r <- x<= 1/2 
satisfies 
(5) K~ < 2 .1 ,~ .  

Let p denote the probability that an interval is contained in T(x), hence 
p=2x  ~. Applying the "large" deviation result for a fixed x in the range specified 
gives, 

P(K,, ~_ 2.1nx ~) ~_ O(1) -b~~ = t/. 

There are at most n z possible values for x, hence the probability that K~>2.1nx ~ 
for some x is at most n2t/-~0. 

Claim 3. In almost all representations, for all grid values x with 0.47~_x~_0.9, the 
number o f  intervals with Q21>-_x is at most 

(6) n(1-- x_____~) 
2 " 
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Z :0.47 Z =1 

Upper 
bound 

Fig. 2 

For fixed x, lep p denote the probability that an interval I satisfies O2I~_x. 
This probability is given exactly in Proposition 3.3. Elementary, but tedious, calcula- 
tions show that p<(l-x)]2.01 in the range specified; a graph plotting both p and 
the lower bound versus x is shown in Figure 2. Let X~ denote the number of intervals 
with O~=x. The "large" deviation result gives, 

(X~ n ( 1 - x ) ]  P(Xx ~- 1.005np) P -~ 2 / -<= _ e -~n =r/ .  

Since there are fewer that n 2 possible values for x, the probability that X~_n(1-x)/2 
is at most n~r/-~0. 

We now restrict our attention to those representations for which the conclu- 
sions to the three claims and Proposition 3.1 hold; this includes almost all represen- 
tations. 

Case A: l<-k<-2 l/~/log n. 
By Theorem 4.3, in almost all interval graphs, ,5 > 2 1/n/log n. Thus Dk = 0< k. 

Case B: 2 t/n/log n<-k<=n]lO. 
Put x=[O.6kn][n ~, the grid value nearest and at least 0.6kin. In particular, 

x_~l/(I/nlog n). By Proposition 3.1, we know that every interval in the represen- 
tation contains a grid value. We infer that if d(v)<= k then its interval, Iv, is contained 
in T(x) since the depth at each grid value between x and 1 - x  is at least (using (4)) 
1.9nx(1--x)~--l.9n(O.6k/n)(O.93)>l.O6k. (Note that the estimate 1 - x > 0 . 9 3  
depends on k<n/lO.) Hence, Dk<-_K:,<2.1nx~<O.8k~]n<O.lk<k. 

Case C: n/lO~_k<=n[2. 
Let d(v)~_k and r =  OIo, where Iv is v's interval. By case (B) fewer than 

0.1 (n/10)< 0.1k vertices have degree less than k when k <  n/lO. Suppose d(v)~_n/lO. 
Let J be the smallest interval with grid value end points such that JDI~. Let s =  OY. 
Note that s2-r2~_O(n-2). Since d(v)>-n/lO, the number of  intervals meeting J is 
at least n]lO, hence by claim 1, equation (3), 1 - s ~ > 2  log n]l/n. Now let I* be the 
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largest interval with grid value end points such that I * c I  v and let r*= QI*. Observe 
s~-r*Z<-O(n -2) hence 1- -r* l>logn/ fn .  By (2), ~/ ,>0.95n(1--r  .2) and 
k>-d(v)~gl .  - l>0.95n(1-r*a).  From this one computes r2>l  - 1.055kin. Thus 
the number of vertices with degree at most k but no less than n/lO is bounded above 
by the number of vertices with radius exceeding 1/1- 1.055kin. Put x equal to the 
largest grid value below 1-- 1.055k/n, hence 0 .47-y~0 .9 .  Using claim 3, 

1 06k 
Dk ~-- 0 . 1 k + ~  < k. 

Thus, combining cases (A), (B) and (C), we see that in almost all representations, 
Dk < k for all 1 ~ k <- n/2. Therefore, almost all interval graphs are Hamiltonian. II 

Next we establish the chromatic number of almost all interval graphs: 

Theorem 4.7. Almost all interval graphs GEfs have x(G)=n/2+o(n). 

Proof. Because G is perfect (see [9]), its chromatic number equals the number of 
vertices in its largest clique. By the Helly property [10], the intervals representing this 
clique have nonempty intersection. For each interval of the form Is= [i/n a, (i+ 1)/n ~] 
(where i is an integer), one can use the "medium" deviation result to check that the 
probability more than n/2 + o (n) intervals meet 1~ is ~,. Hence, in almost all represen- 
tations, no point in [0, 1] is contained in more than n/2+o(n) intervals. However, 
~l/a=n/2+o(n). Hence the largest clique in G has size n/2+o(n) and the result 
follows. 1 

Finally, we have the following information concerning c~(G), the size of the 
largest independent set of vertices in G. 

Theorem 4.8. There exist absolute constants cl, Ca such that ahnost all interral graphs 
GE ~n satisfy 

Proof. Here we establish this result with c1=(41 /2 ) /9 -~  (for any e>0)  and 
c2=e/l/2.. (This gives c1~0.628 and %~1.922.)  

First we establish the uper bound. For ScV(G) ,  let Xs denote the random 
variable which is 1 if S is an independent set of vertices and which is 0 otherwise. 
Let k be an integer with k>=e ~n-~. Let X =  ~ '  Xs. Thus X > 0  if and only if 

lSl=k 
o~(G)~_k. Observe that 

k !2k  1 { e )  k 
P(x  = 1) = - ( 2 k ! )  ~ w h e r e  k = [Sl .  

Hence, 

P(a(GO >-- k) = P(X  > O) ~_ E(X)  = E(Xs) ~ k! 1/2 -,- O. 

Hence, in almost every, interval graph, ~(G)< (e/V2) ~ .  
�9 Next we estabhsh the lower bound. Let 1II denote the length of the interval L 

Given 2C[0, 1] and selecting 1Cor we have P(III<_-).)=2).-~ z. This probability 
equals the area of  the shaded part of  Figure 3. In the sequel we assume that ~. depends 
on n such that ~.~0 and n)~oo. In particular, we choose 2=1/-2/(9n). Fix e>0.  
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Fig. 3 

Let X denote the number of  intervals in G's representation which have length 
at most 2. It is easy to check that X=2nA+o(n2). We now consider only interval 
graphs with a representation containing at least m = l(2--5)n2] intervals of  length at 
most 2. (The probability that a graph has no such representation tends to 0.) Let 
l x  . . . . .  lm denote intervals in G's representation which have length at most 2. Next we 
compute 

p=e(IxNI~OllIxl<,~ and IId<,~)= P(I~flI~#O and 11~1~_211id~_2 ) 
- - / ' (I/ '~1 ~ -  2 )  

_P(ItNI~ ~ 0 and  I,r~l _~ 2 l l h l  = 2)  ~ 3 
- e ( l I~ l  ~- ,~) _ ~ - 2  

because the denominator equals 22-~." and the numerator is bounded above by 32 ~ 
as shown in Figure 4. 

~,.[IE iiiiii.~.~ ii-iiiiiii~ L 
~ ,  , [ [ H "  ' H H '_~, [ ', ', ' , : :  ; H ; ; ; ~  - 

.~iiill!!]i~2:~iiiiii!~i~---- 2 i  I-~. 
~ . ' 1 ; ; ; ) i i  i ; i ~ l : :  ~ ; ;} !}! ! !~-  ~ 

1 

L e g e n d  

~ ]  Those inlervals whTeh 
intersect I~ 

L--] 3"hose |ntervals with 
length at most ;L 

Fig. 4 
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For l<=i-~j<=m let Y0" be the random variable which is 1 if lifqlj~O and 
0 otherwise, and put Y=z~ Y~j. Now 

E(Y) = ( p ) p  _~ 3n~2 3 

and 

E(Y') ---- [~) p + 6  [n3 )E(Yx2Y2~)+6(n4 }p' = F(Y)' +o(n4t ~) 

hence Var(Y)=o(n4)?). Now Chebyshev's inequality 

Var (Y) = o(n42 ") -,, 0 
P(IY- E(I01 <= t) ~ t~ tz 

when t=en22 z. Thus for almost all interval graphs, 

y_-< (3 +e)n~t 8. 

For any graph H let c(H) denote the number of connected components in H. Let G* 
denote the induced subgraph of G on those vertices whose intervals have length at 
most 2. We conclude, 

~(G) >- ct(G*)>- c(G*)>- m -  Y>-(2-e)n~,-(3 +e)n223 _~ ( 4  1/~-_~ / l/~. II 

After generating several large random interval graphs on a computer we posit 
the following conjecture: 

Conjecture. For almost all interval graphs G6(9, we have 

= 

Table 2. Erd6s--R~nyi random graphs vs. random interval graphs 

Property 

Number of edges 

Hamiltonian? 

Minimum Degree 

Maximum Degree 

Chromatic Number 

Independence Number 

Largest Clique 

p�9 Random Interval Graphs 

1 . 1 
T n2 + o (n ~) T n~ + o (n') 

Yes Yes 

2 0(r -~ n-o(n) 

2 --n+o(n) n-O(1) 
3 

O n 

OOogn) 

o 0og n) 24,~(n~ 



RANDOM INTERVAL GRAPHS 371 

5. Comparison with Standard Modds 

Ear l ie r  we n o t e d  tha t  the  p r o b a b i l i t y  tha t  two  vert ices  o f  a r a n d o m  in te rva l  
g r a p h  are  ad jacen t  equals  2/3. The  t ab le  be low summar izes  ou r  resul t  a n d  c o m p a r e s  
t h e m  wi th  those  o f  the  E r d 6 s - - R 6 n y i  m o d e l  in which  pcd~c=2/3. 
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